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a b s t r a c t 
In the present work a novel multiple scales asymptotic homogenization approach is proposed to study 
the effective properties of hierarchical composites with periodic structure at different length scales. The 
method is exemplified by solving a linear elastic problem for a composite material with layered hier- 
archical structure. We recover classical results of two-scale and reiterated homogenization as particular 
cases of our formulation. The analytical effective coefficients for two phase layered composites with two 
structural levels of hierarchy are also derived. The method is finally applied to investigate the effective 
mechanical properties of a single osteon, revealing its practical applicability in the context of biomechan- 
ical and engineering applications. 
© 2017 Elsevier Ltd. All rights reserved. 
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,  1. Introduction 
Several biological and man-made materials exhibit a hierar-
chical structure at more than two length scales. The fascinating
properties of biological composites are largely due to their unique
structures, which are thought to be intimately related to the hi-
erarchical and functional relationships between each of the scales
( Sarikaya, 1992 ). There exist several hierarchical materials in na-
ture, including lotus leaves, kidney’s glomeruli, bones, etc. Appli-
cations of hierarchical composites include, but are not limited to,
tissue engineering of biomimetic artificial tissues, drug delivery in
healthy and malignant tissues, structural design ( Sarikaya, 1992;
Kim et al., 2015; Taffetani et al., 2014; Penta and Merodio, 2017 ). 
Modeling is a useful tool for predicting the effective be-
havior of heterogeneous media with periodic structure. Several
analytical and computational models have been proposed to cal-
culate the mechanical properties of hierarchical structures, such
as those characterizing bones. Asymptotic homogenization, contin-
uum micromechanics methods, composite materials laminate the-∗ Corresponding author. 
E-mail address: torres@calvino.polito.it (A. Ramírez-Torres). 
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0020-7683/© 2017 Elsevier Ltd. All rights reserved. ry and finite-element methods have been used in the analysis
f their mechanical properties ( Crolet et al., 1993; Bravo-Castillero
t al., 20 06; 20 09; Parnell and Grimal, 20 09; Hamed et al., 2010;
012; Parnell et al., 2012 ). The method of reiterated homogeniza-
ion ( Bensoussan et al., 1978; Allaire and Briane, 1996; Lukkassen
nd Milton, 2002; Rodríguez et al., 2016 ) has been also consid-
red in the study of hierarchical heterogeneous composites. For
nstance, under the assumption that y = x /ε and z = x /ε 2 , rigor-
us results concerning to multiscale convergence were obtained
n Bensoussan et al. (1978) . The authors computed the homoge-
ized coefficients by means of a regular power series expansion
 
ε ( x , y , z ) = u 0 ( x , y , z ) + u 1 ( x , y , z ) ε + u 2 ( x , y , z ) ε 2 + . . . in terms
f a smallness parameter ε. Furthermore, Telega et al. (1999) gen-
ralized the theory described in Bensoussan et al. (1978) to elas-
icity via -convergence, and showed that the technique can be in
rinciple applied to compact bone and for several structural lev-
ls of organization. The authors assumed the elasticity tensor as
 function of multiple scales y 1 , . . . , y n , provided that y 1 = x /ε, ...
 y n = x /ε n . A method to determinate the effective elastic proper-
ies of composites with a multiscale hierarchical structure is also
uggested in Dimitrienko et al. (2015) , wherein power series ex-
ansions for each level are introduced. Using this method recur-
ent sequences of local and averaged elasticity problems are stated
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Fig. 1. Zooming around a point x of the domain. (i) Composite periodic material. (ii) Periodic cell at the ε1 -structural level. (iii) Periodic cell at the ε2 -structural level. 
Asymptotic homogenization is acceptable in the interior of the domain , where periodicity at each structural level can be assumed. 
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yor the different structural levels. Allaire and Briane (1996) gave
igorous results concerning reiterated homogenization (applied to
he heat equation for composites) assuming the existence of vari-
us scales x /ε k (ε) , k = 1 , . . . , n with lim ε→ 0 ε k = 0 for k = 1 , . . . , n
nd lim ε→ 0 ε i +1 /ε i = 0 for i = 1 , . . . , n − 1 . 
In Trucu et al. (2012) , a further generalization of reiterated ho-
ogenization is introduced via a three-scale convergence approach
hich provides a topological framework where the two arising
symptotic parameters independently approach zero. Here we do
ot deal with a rigorous multiscale convergence setting, as our
hief motivation resides in the direct application of asymptotic ho-
ogenization to actual composites of practical interest. Hence, we
ollow a formal approach, by accounting for a novel series expan-
ion in terms of two distinct scaling parameters ε 1 and ε 2 (fol-
owing the ideas reported in Trucu et al. (2012) ) such that ε2 
s not a function depending on ε1 , as is the case in Allaire and
riane (1996) . The approach proposed in the present work is ex-
loited to investigate the effective properties of hierarchical com-
osites at each structural level. In particular, this new approach is
pplied to a linear elastic composite with a hierarchical structure
here the effective properties at the lower structural level become
he inputs for the problems arising at the higher one. We note that
he present technique recovers the results from reiterated homog-
nization and classical two scales homogenization (assuming only
ne structural level) as particular cases. Moreover, analytical ex-
ressions for the effective coefficients of a two phase hierarchical
ayered composite are derived. Finally, the method is applied to in-
estigate the effective mechanical properties of a single osteon and
he results are successfully compared with numerical and experi-
ental data. 
. The linear elastic problem for a three-scales composite 
Let us denote by  ⊂ R 3 a periodic composite material pos-
essing two hierarchical levels of organization characterized by the
mall parameters ε1 and ε2 and where the inclusions do not inter-
ect the boundaries ( Fig. 1 ). 
ε1 -structural level 
At the ε1 -structural level, the domain  is occupied
by a two-phase periodic composite such that ¯ = ¯ε 1 
1 
∪
¯
ε 1 
2 
, 
ε 1 
1 
∩ ε 1 
2 
= ∅ . In particular, we assume that ε 1 
1 
=
∪ N α=1 α
ε 1 
1 
and the interface between 
ε 1 
1 
and 
ε 1 
2 
is de-
noted by ε 1 . 
ε2 -structural level 
At the ε2 -structural level, we consider that for each α =
1 , . . . , N, α
ε 1 
1 
is a two-phase periodic composite material.
Then, we define α¯
ε 1 
1 
= ¯ε 2 
1 
∪ ¯ε 2 
2 
, 
ε 2 
1 
∩ ε 2 
2 
= ∅ and the
interface between 
ε 2 
1 
and 
ε 2 
2 
is denoted by ε 2 . We assume that all constituents of the hierarchical composite
ehave as linear elastic materials with constitutive relationship for
he stress tensor given by, 
= C ξ( u ) , 
here 
( u ) = ∇u + ∇u 
T 
2 
s the elastic strain tensor and u = u ( x ) = (u 1 ( x ) , u 2 ( x ) , u 3 ( x )) is
he elastic displacement with x = (x 1 , x 2 , x 3 ) . The fourth rank ten-
or C with components C ijkl ( i, j, k, l = 1 , 2 , 3 ) denotes the stiffness
ensor, which is assumed to be smooth and satisfies the stan-
ard (minor and major) symmetries and positive definiteness, i.e.,
omponent-wise 
 i jkl = C jikl = C i jlk = C kli j and C i jkl ηi j ηkl ≥ ηi j ηi j , 
espectively, where η is a second order symmetric tensor and ϰ> 0
s a constant. Then, ignoring inertia and volume forces, the prob-
em in  reads 
( P ε ) 
⎧ ⎪ ⎨ ⎪ ⎩ 
∇ · [C ε ξ( u ε ) ] = 0 in  \ ( ε 1 ∪ ε 2 ) , 
u ε = u¯ on ∂d , 
C ε ξ( u ε ) · n = S¯ on ∂n , 
(1) 
here u¯ and S¯ are the prescribed displacement and traction on the
oundary ∂ = ∂d ∪ ∂n with ∂d ∩ ∂n = ∅ and n is the out-
ard unit vector normal to the surface ∂. Moreover, continuity
onditions for displacement and traction are imposed on both ε 1 
nd ε 2 , i.e. 
 [ u ε ] ] = 0 , 
[[
C ε ξ( u ε ) · n j 
]]
= 0 ( j = y , z ) , (2) 
here n y = (n y 1 , n 
y 
2 
, n 
y 
3 
) and n z = (n z 1 , n z 2 , n z 3 ) represent the out-
ard unit vectors to the surfaces ε 1 and ε 2 , respectively. The
perator [[ • ]] denotes the jump across the interface between the
wo constituents. 
Table 1 lists the symbols used in this work. 
. Three scales asymptotic homogenization technique 
We consider three different scales, namely d 1 , d 2 and L , which
haracterize the different structural sizes and assume that they are
ell-separated, i.e. 
 1 = d 1 
L 

 1 and ε 2 = d 2 
d 1 

 ε 1 . (3) 
sing relation (3) , two formally independent variables are intro-
uced, namely 
 = x 
ε 1 
and z = x 
ε 2 
. (4) 
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Table 1 
Nomenclature. 
Symbol Description 
 Three-dimensional domain. 
εk Small parameters ( k = 1 , 2 ). 
ε k 
1 
Collection of N disjoints inclusions at the εk -structural level. 
ε k 
2 
Matrix (or host) domain at the εk -structural level. 
ε k Interface between ε k 
1 
and ε k 
2 
at the εk -structural level. 
Y Unit cell at the ε1 -structural level. 
Z Unit cell at the ε2 -structural level. 
y Restriction of the surface ε 1 on its periodic cell. 
z Restriction of the surface ε 2 on its periodic cell. 
C Stiffness tensor. 
u Elastic displacement. 
n Outward unit vector normal to the surface ∂. 
n y n y = 
(
n y 
1 
, n y 
2 
, n y 
3 
)
represents the outward unit vector to the surface ε 1 . 
n z n z = 
(
n z 1 , n 
z 
2 , n 
z 
3 
)
represents the outward unit vector to the surface ε 2 . 
∇ j Nabla operator with respect to j = x , y , z . 
ξj (u ) Elastic strain tensor defined by 
(
∇ j u + ∇ j u T 
)
/ 2 . 
〈 •〉 y Volume average over the periodic cell Y . 
〈 •〉 z Volume average over the periodic cell Z . 
| • | Volume fraction of • . 
[[ • ]] Jump across the interface taken from the matrix to the inclusions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Moreover, we assume that each field and material property is y -
and z -periodic. As a consequence of the performed spatial scale
decoupling (4) and using the chain rule, we obtain, 
∇ x → ∇ x + ε −1 1 ∇ y + ε −1 2 ∇ z . (5)
We now assume that the elastic displacement u ε can be repre-
sented as a power series in terms of the small parameters ε1 and
ε2 , namely 
u ( x , y , z ) = ˜ u( x , y , z ) + 
∞ ∑ 
i =1 
u i ( x , y , z ) ε 
i 
1 + 
∞ ∑ 
i =1 
u ∗i ( x , y , z ) ε 
i 
2 
= u (0) ( x , y , z ) + 
∞ ∑ 
i =1 
u ∗i ( x , y , z ) ε 
i 
2 , (6)
where we have defined u (0) as 
u (0) ( x , y , z ) = ˜ u( x , y , z ) + 
∞ ∑ 
i =1 
u i ( x , y , z ) ε 
i 
1 . (7)
Since the quantities involved vary on the y and z scales, the fol-
lowing cell average operators are defined 
〈 •〉 y = 1 | Y | 
∫ 
Y 
• d y and 〈 •〉 z = 1 | Z | 
∫ 
Z 
• d z , 
where | Y | and | Z | represent periodic cell volumes. Here and subse-
quently (unless necessary), the variable dependence is dropped out
for convenience. 
3.1. Homogenization procedure 
Given a power series representation of the type (6) , it is not
necessary to assume that every asymptotic parameter is a function
of only one of them as done in other works ( Bensoussan et al.,
1978; Allaire and Briane, 1996; Rodríguez et al., 2016 ). In particular,
here ε2 is not a function of ε1 and vice versa. However, it is clear
that such a procedure can be reasonably carried out only when
ε 2 
 ε 1 . 
The proposed homogenization technique is applied as follows.
First, we substitute expansion (6) into (1) and (2) , use the chain
rule (5) and equate in powers of ε2 “freezing” the small parame-
ter ε1 . This procedure allows to find the effective elastic properties
at the ε2 -structural level and use the results as the inputs for the
problems arising at the ε1 -structural level when equating in pow-
ers of ε1 . Then, we suggest three main steps in order to find the
effective coefficients. Step 1 : Substitute expansion (6) into (1) ; use result (5) and
multiply by ε 2 
2 
, 
ε 2 2 ∇ x ·
[ 
C ε ξx 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] 
+ 
+ ε 2 2 ε −1 1 
{
∇ x ·
[ 
C ε ξy 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] 
+ ∇ y ·
[ 
C ε ξx 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] }
+ ε 2 
{
∇ x ·
[ 
C ε ξz 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] 
+ ∇ z ·
[ 
C ε ξx 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] }
+ ε 2 2 ε −2 1 ∇ y ·
[ 
C ε ξy 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] 
+ 
+ ε 2 ε −1 1 
{
∇ y ·
[ 
C ε ξz 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] 
+ ∇ z ·
[ 
C ε ξy 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] }
+ 
+ ∇ z ·
[ 
C ε ξz 
( 
u ( 0 ) + 
∞ ∑ 
i =1 
u ∗i ε 
i 
2 
) ] 
= 0 . (8)
In (8) , ξj denotes the elastic strain tensor and the sub-
index j indicates that the derivative is applied with re-
spect to j , where j = x , y , z . Analogously, interface condi-
tions (2) read, [[
u (0) + u ∗1 ε 2 + . . . 
]]
= 0 , (9)
[[
C ε 
[
ξz 
(
u ( 0 ) 
)
+ ε 2 
(
ε −1 1 ξy 
(
u ( 0 ) 
)
+ ξx 
(
u ( 0 ) 
)
+ ξz ( u ∗1 ) 
)]
·n z + . . . ] ] = 0 , (10)
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A  
f  
w  
i  
E
ε
 
) 
B[
N  
z[
N  
t  
t  
l  
w  
t
 
 [[
C ε 
[
ξy 
(
u ( 0 ) 
)
+ ε 1 
(
ε −1 2 ξz 
(
u ( 0 ) 
)
+ ξx 
(
u ( 0 ) 
)
+ ξz ( u ∗1 ) 
)]
·n y + . . . ] ] = 0 . (11) 
Step 2 : Equate in powers of ε2 in (8), (9) and (10) . 
(i) T o O (ε 0 
2 
) 
∇ z ·
[
C ε ξz 
(
u ( 0 ) 
)]
= 0 in Z \ z , (12) 
[[
u (0) 
]]
= 0 on z , (13) 
[[
C ε ξz 
(
u ( 0 ) 
)
· n z 
]]
= 0 on z . (14) 
Since the right hand side of the first Eq. (12) is
zero, the solvability condition is satisfied ( Bakhvalov and
Panasenko, 1989 ). Then, it is deduced that, 
u (0) = u (0) ( x , y ) ⇔ 
{
˜ u = ˜ u( x , y ) , 
u i = u i ( x , y ) , 
i.e. the homogeneity of (12) –(14) leads to a periodic z -
constant solution. 
(ii) To O ( ε2 ) 
∇ z ·
[
C ε ξz ( u 
∗
1 ) 
]
= −∇ z ·
{
C ε 
[
ξx 
(
u ( 0 ) 
)
+ ε −1 1 ξy 
(
u ( 0 ) 
)]}
in Z \ z . (15) 
Using the fact that ξz (u (0) ) = 0 , 
[ [ u ∗1 ] ] = 0 , [[
C ε ξz ( u 
∗
1 ) · n z 
]]
= −
[[
C ε 
[
ξx 
(
u ( 0 ) 
)
+ ε −1 1 ξy 
(
u ( 0 ) 
)]
· n z 
]]
on z . (16) 
Then, by the z -periodicity of C ε and the solvability condi-
tion, Eq. (15) has a z -periodic solution which is unique up
to an additive constant. In particular, since the problem is
linear and u (0) does not depend on z , u ∗
1 
can be written
as 
u ∗1 ( x , y , z ) = χ∗( x , y , z ) U ( 0 ) ( x , y ) , (17) 
where χ∗ is a y - and z -periodic function and 
U ( 0 ) ( x , y ) = ξx 
(
u ( 0 ) ( x , y ) 
)
+ ε −1 1 ξy 
(
u ( 0 ) ( x , y ) 
)
. 
Substituting (17) in (15) and (16) , we find that χ∗ satisfies
the local proble m 
∇ z ·
[
C ε + C ε ξz ( χ∗) 
]
= 0 in Z \ z , (18) 
[ [ χ∗] ] = 0 on z , (19) 
[[(
C ε + C ε ξz ( χ∗) 
)
· n z 
]]
= 0 on z . (20) 
Eqs. (18) –(20) represent the ε2 -cell problem . The condition
〈 χ∗〉 z = 0 is imposed in order to guarantee uniqueness. 
(iii) To O (ε 2 2 ) and using (17) , (∇ x + ε −1 1 ∇ y ) · [C ε U ( 0 ) + C ε ξz ( χ∗) U ( 0 ) ]
+ ∇ z ·
[
C ε ξx 
(
χ∗U ( 0 ) 
)
+ ε −1 1 C ε ξy 
(
χ∗U ( 0 ) 
)]
+ ∇ z ·
[
C ε ξz ( u 
∗
2 ) 
]
= 0 in Z \ z . (21) 
The application of the average operator 〈 •〉 z to (21) and
taking into account the z -periodicity of the involved func-
tions, gives (∇ x + ε −1 1 ∇ y )Cˇ ε U (0) = 0 in ε 1 1 , (22) where 
Cˇ ε = 〈 C ε + C ε ξz ( χ∗) 〉 z (23) 
is the effective coefficient at the ε1 -structural level . Note
that: ( i ) the derivative in (22) depends on the small pa-
rameter ε1 and ( ii ) Cˇ 
ε = Cˇ ε ( x , y ) . 
t this point we remark that Eq. (23) allows to obtain the ef-
ective properties of the material at the ε1 -structural level and
hich become the input values in order to find the effective behav-
or of the hierarchical composite. Now, using representation (7) in
q. (22) and multiplying the result by ε 2 
1 
, we have 
 
2 
1 ∇ x ·
[ 
Cˇ ε ξx 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) ] 
+ ε 1 
{ 
∇ x ·
[ 
Cˇ ε ξy 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) ] 
+ ∇ y ·
[ 
Cˇ ε ξx 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) ] }
+ ∇ y ·
[ 
Cˇ ε ξy 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) ] 
= 0 in Y \ y . (24
esides, from (13) , [
˜ u + u 1 ε 1 + u 2 ε 2 1 + . . . 
]]
= 0 on y (25) 
ow, substituting (17) in (11) and taking into account that u (0) is
 -constant, 
 [ 
ε 1 ˇC 
ε ξx 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) 
· n y + Cˇ ε ξy 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) 
· n y 
+ ε 1 ˇC ε ξz ( χ∗) ξx 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) 
· n y 
+ ˇC ε ξz ( χ∗) ξy 
( 
˜ u+ ∞ ∑ 
i =1 
u i ε 
i 
1 
) 
· n y + . . . 
] ] 
= 0 . (26) 
ote that the continuity interface condition for the traction (2) on
he surface ε 2 is written in terms of C ε . However, that rela-
ionship holds in the physical domain, whereas we are now tack-
ing the homogenization process at the higher ( ε1 ) structural level,
hose effective mechanical response is indeed given by the elas-
icity tensor Cˇ 
ε 
( x , y ) provided by (23) . 
Step 3 : Equating in powers of ε1 . 
(i) To O (ε 0 
1 
) in (24) , we have 
∇ y ·
[
Cˇ ε ξy ( ˜  u) 
]
= 0 in Y \ y (27) 
and using the solvability condition, 
˜ u = ˜ u( x ) . 
Moreover, from (25) and (26) , and applying the cell aver-
age operator over Z , 
[ [ ˜  u] ] = 0 and 
[[
Cˇ ε ξy ( ˜  u) · n y 
]]
= 0 on y . 
(ii) To O ( ε1 ) in (24) –(26) , using the fact that ξy ( ˜  u) = 0 and
applying the cell average operator over Z , 
∇ y ·
[
Cˇ ε ξy ( u 1 ) 
]
= −∇ y ·
[
Cˇ ε ξx ( ˜  u) 
]
in Y \ y , (28) 
and 
[ [ u 1 ] ] = 0 and 
[[
Cˇ ε ξy ( u 1 ) · n y 
]]
= −
[[
Cˇ ε ξx ( ˜  u) · n y 
]]
on y . (29) 
194 A. Ramírez-Torres et al. / International Journal of Solids and Structures 130–131 (2018) 190–198 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
̂
̂
 
 
 
 
 
 
 
 
 
4
t
 
a  
t
 
t  
t  
C
d  
b  
r  
r
 
 
w  
E  
c  
c
C
w
 
a〈
w
A  
N
 
a
C
T  
s
CBy the y -periodicity of Cˇ 
ε 
and the solvability condition,
Eq. (28) has a y -periodic solution which is unique up to
an additive constant. In particular, since the problem is
linear and ˜ u does not depend on y , u 1 can be written as 
u 1 ( x , y ) = χ( x , y ) ξx ( ˜  u( x ) ) , (30)
where χ is a y -periodic function. Substituting (30) in
(28) and (29) , we get that χ is the solution of , 
∇ y ·
[
Cˇ ε + Cˇ ε ξy ( χ) 
]
= 0 in Y \ y , (31)
[ [ χ] ] = 0 on y , (32)[[(
Cˇ ε + Cˇ ε ξy ( χ) 
)
· n y 
]]
= 0 on y . (33)
Eqs. (31) and (33) represent the ε1 -cell problem . The con-
dition 〈 χ〉 y = 0 is imposed to guarantee uniqueness. 
(iii) To O (ε 2 
1 
) in (24) and using (30) 
∇ x ·
[
Cˇ ε ξx ( ˜  u) 
]
+ ∇ x ·
[
Cˇ ε ξy ( χ) ξx ( ˜  u) 
]
+ ∇ y ·
[
Cˇ ε ξx 
(
χξx ( ˜  u) 
)]
+ ∇ y ·
[
Cˇ ε ξy ( u 2 ) 
]
= 0 in Y \ y . (34)
Applying the average operator 〈 •〉 y to Eq. (34) and taking
into account the y -periodicity of the functions involved, it
rewrites as 
∇ x ·
[〈 ˇC ε + Cˇ ε ξy ( χ) 〉 y ξx ( ˜  u) ] = 0 in  (35)
Analogously, boundary conditions for (35) are 
˜ u = u¯ , (36)[
C ε + C ε ξz ( χ∗) 
](
ξx ( ˜  u) + ξy ( χ) ξx ( ˜  u) 
)
· n = S¯ on ∂. (37)
By applying the cell average operators over Z and Y , the boundary
condition (37) rewrites 
 C ξx ( ˜  u) · n = S¯ . 
Finally, the homogenized problem is 
(P h ) 
⎧ ⎪ ⎨ ⎪ ⎩ 
∇ x ·
[
ˆ C ξx ( ˜  u) 
]
= 0 in , ˜ u = u¯ on ∂d , 
ˆ C ξx ( ˜  u) · n = S¯ on ∂n , 
where 
 C = 〈 ˇC ε + Cˇ ε ξy ( χ) 〉 y (38)
is the effective stiffness tensor of the hierarchical composite mate-
rial. 
Remark 1. Applying the same procedure to the heat equation the
same results in Rodríguez et al. (2016) are obtained, in such a
case ε 1 = ε and ε 2 = ε 2 . Furthermore, the classical results from
the two scales asymptotic homogenization approach are attained
assuming that ε 1 = ε and ε 2 = 0 , see for example Bakhvalov and
Panasenko (1989) , Jean-Louis Auriault and Boutin (2009) . 
Remark 2. The series expansion in (6) can be generalized when
more length scales are considered, namely ε 1 , ε 2 , . . . , ε N with N ∈
N . In such a case, 
u ( x , y 1 , y 2 , . . . , y N ) = ˜ u( x , y 1 , y 2 , . . . , y N ) 
+ 
N ∑ 
k =1 
∞ ∑ 
i =1 
u i ( x , y 1 , y 2 , . . . , y N ) ε 
i 
k , with y k = x /ε k . E. Effective coefficients for hierarchical layered materials with 
wo structural levels 
Consider a hierarchical layered composite where the laminates
t both structural levels are oriented along the x 3 axis and thus,
he properties only change in the x 3 direction ( Fig. 2 ). 
Moreover, assume that C ε is a piece-wise constant tensor. In
his sense, the parametric dependence of the ε2 -cell problem on
he variables y and x is lost given that χ∗ depends only on z and
ˇ
 , which is averaged on z , will be piece-wise constant. Therefore, χ
epends only on y and ˆ C will be also piece-wise constant. Finally,
oth, the ε1 ( Eqs. (18) –(20) ) and ε2 ( Eqs. (31) –(33) ) cell problems
educe to ordinary differential equations in the variable z 3 and y 3 ,
espectively, 
d 
d z 
[ 
C ε i 3 kl (z) + C ε i 3 p3 (z) 
d 
(∗χ kl p (z) )
d z 
] 
= 0 in Z \ z , (39)
d 
d y 
[ 
Cˇ ε i 3 kl (y ) + Cˇ ε i 3 p3 (y ) 
d 
(
χ kl p (y ) 
)
d y 
] 
= 0 in Y \ y , (40)
here the notation z 3 := z and y 3 := y has been adopted.
qs. (39) and (40) are to be supplemented by the one dimensional
ounterparts of (19) –(20) and (32) –(33) , respectively, which are the
ontinuity and jump conditions of the auxiliary variables. 
From Eq. (39) , 
 
ε 
i 3 p3 
d 
(∗χ kl p )
d z 
= A ∗i 3 kl −C ε i 3 kl 
here A ∗
i 3 kl 
are constants. Multiplying by 
(
C ε 
p3 i 3 
)−1 
, 
d 
(∗χ kl p )
d z 
= 
(
C ε p3 i 3 
)−1 
A ∗i 3 kl −
(
C ε p3 i 3 
)−1 
C ε i 3 kl . (41)
nd averaging the last equation over Z 
 (
C ε p3 i 3 
)−1 〉 
z 
A ∗i 3 kl = 
〈 (
C ε p3 i 3 
)−1 
C ε i 3 kl 
〉 
z 
, 
here was taken into account the z -periodicity of ∗χ kl p . Then, 
 
∗
i 3 kl = 
〈 (
C ε i 3 p3 
)−1 〉 −1 
z 
〈 (
C ε p3 s 3 
)−1 
C ε s 3 kl 
〉 
z 
. (42)
ow, substituting (42) in (41) , 
d 
(∗χ kl p )
d z 
= 
(
C ε p3 i 3 
)−1 〈 (
C ε i 3 s 3 
)−1 〉 −1 
z 
〈 (
C ε s 3 t3 
)−1 
C ε t3 kl 
〉 
z 
−
(
C ε p3 i 3 
)−1 
C ε i 3 kl 
(43)
nd (43) in (23) , 
 ˇ
ε 
i jkl = 
〈
C ε i jkl + C ε i jp3 
[(
C ε p3 s 3 
)−1 〈 (
C ε s 3 t3 
)−1 〉 −1 
z 
〈 (
C ε t3 m 3 
)−1 
C ε m 3 kl 
〉 
z 
−
(
C ε p3 s 3 
)−1 
C ε s 3 kl 
] 〉 
z 
. 
hen, the expression for the effective coefficients at the ε1 -
tructural level is 
 ˇ
ε 
i jkl = 
〈
C ε i jkl 
〉
z 
+ 
〈 
C ε i jp3 
(
C ε p3 s 3 
)−1 〉 
z 
〈 (
C ε s 3 t3 
)−1 〉 −1 
z 
〈 (
C ε t3 m 3 
)−1 
C ε m 3 kl 
〉 
z 
−
〈 
C ε i jp3 
(
C ε p3 s 3 
)−1 
C ε s 3 kl 
〉 
z 
. 
q. (40) is handled in much the same way. Then, 
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Fig. 2. Two level hierarchical layered composite where the laminates are oriented along the x 3 axis. 
Fig. 3. Single osteon representation. The osteon is divided into cylindrical sectors, each being approximated by a parallelepiped made of a superimposition of plates or 
lamellae along the x 2 -axis. Each lamella is described as a two-phase laminate structure where its orientation differs in adjacent lamellae. This simplified representation is 
considered just for the sake of exemplify the proposed method. 
Fig. 4. (a) Transverse, (b) longitudinal and (c) alternating orientations of the laminates at the ε2 -structural level. 
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c  d 
(
χ kl p 
)
d y 
= 
(
Cˇ ε p3 i 3 
)−1 〈 (
Cˇ ε i 3 p3 
)−1 〉 −1 
y 
〈 (
Cˇ ε p3 s 3 
)−1 
Cˇ ε s 3 kl 
〉 
y 
−
(
Cˇ ε p3 i 3 
)−1 
Cˇ ε i 3 kl 
(44) 
nd substituting (44) into (38) gives 
ˆ 
 i jkl = 
〈
Cˇ ε i jkl + Cˇ ε i jp3 
[(
Cˇ ε p3 s 3 
)−1 〈 (
Cˇ ε s 3 t3 
)−1 〉 −1 
y 
〈 (
Cˇ ε t3 m 3 
)−1 
Cˇ ε m 3 kl 
〉 
y 
−
(
Cˇ ε p3 s 3 
)−1 
Cˇ ε s 3 kl 
] 〉 
y 
. 
inally, the expression for the effective coefficients of the hierar-
hical layered composite is 
ˆ 
 i jkl = 
〈
Cˇ ε i jkl 
〉
y 
+ 
〈 
Cˇ ε i jp3 
(
Cˇ ε p3 s 3 
)−1 〉 
y 
〈 (
Cˇ ε s 3 t3 
)−1 〉 −1 
y 
〈 (
Cˇ ε t3 m 3 
)−1 
Cˇ ε m 3 kl 
〉 
y 
−
〈 
Cˇ ε i jp3 
(
Cˇ ε p3 s 3 
)−1 
Cˇ ε s 3 kl 
〉 
y 
. (45) 
emark 3. In order to compute the effective coefficients for dif-
erent orientations it is sufficient to make a rotation of the stiff-
ess tensor. In this sense, the following transformation is useful Ting, 1996 ) 
 = 
⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 
R 2 11 R 
2 
12 R 
2 
13 2 R 12 R 13 2 R 13 R 11 2 R 11 R 12 
R 2 21 R 
2 
22 R 
2 
23 2 R 22 R 23 2 R 23 R 21 2 R 21 R 22 
R 2 31 R 
2 
32 R 
2 
33 2 R 32 R 33 2 R 33 R 31 2 R 31 R 32 
R 21 R 31 R 22 R 32 R 23 R 33 R 22 R 33 + R 23 R 32 R 23 R 31 + R 21 R 33 R 21 R 32 + R 22 R 31 
R 31 R 11 R 32 R 12 R 33 R 13 R 32 R 13 + R 33 R 12 R 33 R 11 + R 31 R 13 R 31 R 12 + R 32 R 11 
R 11 R 21 R 12 R 22 R 13 R 23 R 12 R 23 + R 13 R 22 R 13 R 21 + R 11 R 23 R 11 R 22 + R 12 R 21 
⎞ ⎟ ⎟ ⎟ ⎟ ⎠ ,
here R ij ( i, j = 1 , 2 , 3 ) are the coefficients of the orthogonal rota-
ional matrix. Then, the stiffness tensor rotated by an angle θ is
btained by 
 
θ = R C R T . 
emark 4. In the particular case of a two phase layered material
he effective coefficients computed by formula (45) coincide with
hose in Milton (2002) . 
. Modeling the mechanical properties of a single osteon 
In this section, we apply the technique to a biological scenario
f interest, particularly to bone modeling. Bone’s excellent me-
hanical properties (high stiffness, strength, fracture toughness and
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Fig. 5. Longitudinal effective elastic modulus for a single osteon as a function of 
mineral volume fraction for different arrangements. 
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t  light weight) are attributed to its composite complex hierarchi-
cal structure spanning from nanoscale to whole bone level. Sev-
eral studies have dealt with the modeling and simulation of bone’s
properties. For example, in Crolet et al. (1993) the asymptotic ho-
mogenization technique was used to study the mechanical prop-
erties of compact bone. In addition, cortical and trabecular bone
were investigated in Hamed et al. (2010) and Hamed et al. (2012) ,
respectively. The analysis involved a bottom-up multi-scale ap-
proach, starting from nanoscale and moving up the scales to
sub-microscale, microscale and mesoscale levels. On the other
hand, the efficacy of three alternative approaches: the method
of asymptotic homogenization, the Mori-Tanaka scheme and the
Hashin-Rosen bounds, was considered in Parnell et al. (2012) in
order to compare theoretical predictions of the effective elastic
moduli of cortical bone at both, mesoscale and macroscale. in
Penta et al. (2016) , the approach in Tiburtius et al. (2014) was ex-
tended for musculoskeletal mineralized tissues by exploiting the
potential of the asymptotic homogenization technique investigated
in Penta and Gerisch (2015) ; 2017 ). The authors setup a hierar-Fig. 6. Orthotropic effective engineering constants for a single osteon ashical, hybrid asymptotic homogenization/Eshelby based (e.g. Mori
anaka and self-consistent schemes) model that explains the stiff-
ning of old bone tissues. 
Here, we are interested in the mechanical properties of osteons
hich are the fundamental functional units of compact bone. The
steon is regarded as a hierarchical elastic composite. At the sub-
icro-structural level (1 to 10 μm), the osteon is assumed to be
omposed by two-phase concentric lamellae of same thickness and
onstituents 
ε 1 
1 
and 
ε 1 
2 
and divided into cylindrical sectors, each
eing approximated by a parallelepiped made of a superimposi-
ion of plates. Likewise, at the nano-structural level (from a few
undred nanometers to 1 μm), each lamella is considered to be
 two-phase layered composite material consisting of hydroxya-
atite mineral crystals ( 
ε 2 
1 
) and collagen ( 
ε 2 
2 
). Particularly, for
ach successive lamella the laminates are supposed oriented by an
ngle θ with respect to the longitudinal axis of the osteon ( Fig. 3 ).
As described in Section 3 , the present hierarchical modeling ap-
roach consists of successive homogenization steps. Indeed, first
e find the effective mechanical properties at the ε1 -hierarchical
evel and use the results as the inputs for computing the effec-
ive mechanical properties of the composite. Here, we present a
arametric study by varying the volume fraction of minerals ( φh ).
oreover, the effect of the laminates orientation on the effec-
ive mechanical properties of the osteon is showed. The fact that
he orientation angle is part of the model opens up the possi-
ility of studying its effect on the elastic constants. Common in-
uts for the elastic modulus and Poisson’s ratio of collagen are
 c = 1 . 2 GPa and v c = 0 . 35 , respectively ( Vaughan et al., 2012 ). For
ydroxyapatite crystals E h = 114 GPa and v h = 0 . 28 , respectively
 Vaughan et al., 2012 ). Now, when interpreting histological and mi-
rostructural aspects of lamellae, most researches accept that col-
agen fibers in alternating lamellae are oriented at different an-
les ( Ascenzi and Bonucci, 1967 ). In fact, numerous different lamel-
ar arrangements have been observed within osteons using circu-
arly polarized light (CPL) microscopy ( Vaughan et al., 2012 ). In the
resent study, as proposed by Ascenzi and Bonucci (1967) and ob-
erved in different investigations (see e.g. Goldman et al., 2003 ),
hree sets of laminates orientation are considered where adja- a function of mineral volume fraction for different arrangements. 
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e  ent lamellas differ in the orientation angle of their layered struc-
ure. Specifically and following Vaughan et al. (2012) , we choose
 15 ◦, −15 ◦} (transverse orientation), { 75 ◦, −75 ◦} (longitudinal ori-
ntation) and { 15 ◦, −75 ◦} (alternating orientation) ( Fig. 4 ). 
Fig. 5 shows the analytical results for the longitudinal effective
oung’s modulus ˆ E 3 with respect to the mineral volume fraction
n a lamella and for different sets of the laminate orientation an-
les. Also shown in Fig. 5 are the values of the experimental elastic
oduli reported in Ascenzi and Bonucci (1967) , Roy et al. (1999) ,
orsa et al. (2015) . They appear as horizontal lines, as details re-
arding the mineral content were unavailable. In particular, it can
e observed a monotonic increase of Young’s modulus ˆ E 3 with re-
pect to the mineral content φh . 
Moreover, the magnitude of the longitudinal effective Young’s
odulus is obviously depending on the orientation of the layers
t the nanoscale. The highest values are obtained for laminates
riented in the direction of the longitudinal axis of the osteon.
onversely, the lowest values are found for transversely oriented
ayers. These qualitative results are in agreement with those found
n Vaughan et al. (2012) . Experimental findings showed that os-
eons whose laminates are mainly oriented in the longitudinal
irection (dark osteons) are characterized by an elastic modu-
us of 12 GPa, and 5.5 GPa for osteons with laminates oriented
n intermediate directions ( Ascenzi and Bonucci, 1967 ). We note
hat these experimental values are attained by model’s results for
ow mineral concentrations. Besides, nanoindentation tests pro-
ided Young’s modulus values of 22.4 GPa ( Roy et al., 1999 ) and
0.6 GPa ( Korsa et al., 2015 ) for the osteon, which are simi-
ar to the values predicted by our procedure for a longitudi-
al orientation arrangement. On the other hand, the numeri-
al study by Hamed et al. (2010) predicted a Young’s modulus
alue of 17.22 GPa which is in agreement with those obtained in
ig. 5 for a longitudinal arrangement of laminates for φh = 0 . 18 . in
amed et al. (2010) the effective Young’s modulus was obtained
or a mineral volume fraction of the osteon equals to 0.42. In our
ase, the mineral volume fraction is referred to a single lamella
nd not to the entire osteon. 
The present model also allows to find other elastic effective
onstants. In particular, monoclinic properties were obtained for
he lamellae, which became the input values for computing the
ine orthotropic effective elastic properties of a single osteon
 Fig. 6 ). These engineering constants are computed in terms of the
omponents of the effective stiffness tensor ( Lai et al., 2009 ). As
hown in Fig. 6 , effective Young’s modulus ˆ E 1 shows no depen-
ence with the variation of the angle given that the predicted
urves are superimposed. On the contrary, the predicted values for
ˆ 
 2 and ˆ E 3 depend on the orientation angle, and particularly, op-
osite behaviors are observed. That is, ˆ E 2 presents higher values
hen the laminates are oriented transverse to the longitudinal axis
f the osteon and lower values when they are oriented along the
steon principal axis. 
Fig. 6 also shows the effective shear modulus and Poisson’s ra-
io. For instance, ˆ G 23 does not exhibit a dependence with respect
o the orientation angle θ since the curves are superimposed. 
. Discussion and conclusions 
In the present work, a multiple scales asymptotic homogeniza-
ion approach was presented with the aim of studying the effec-
ive properties of hierarchical composites. A novel power series ex-
ansion is proposed which allows to determine the homogenized
roperties of hierarchical periodic composites at each structural
evel and we recover known results from reiterated and two scales
symptotic homogenization techniques as particular cases of the
roposed method. Furthermore, analytical formulae for the effec-
ive coefficients of a hierarchical layered composite were obtainedor the first time. In fact, since analytical formulae were found, the
omputational cost to calculate the homogenized properties was
ery low at both steps. The method was applied to study the me-
hanical properties of an osteon. In particular, the analytical results
f the model were successfully compared with experimental data,
nd we noticed a variation of the effective properties with respect
o the orientation angle. 
The present study has some limitations and is open to sev-
ral improvements. For instance, analytical formulae were found
or a very particular geometry (i.e. layered material) at each of the
tructural levels. Nevertheless, the next natural step is to account
or more realistic geometries by solving the appropriate cell prob-
ems analytically (see, e.g. Guinovart-Díaz et al., 2013 ) and/or nu-
erically (see, e.g. Penta and Gerisch, 2015; 2017 ). Furthermore,
e have neglected the effect of external volume loads, although,
henever these are locally unbounded, the resulting macroscale
ormulation depends on the properties of the microstructure (see
enta et al., 2017 , where these aspects have been investigated
n the context of two-scale asymptotic homogenization for elastic
omposites). Our work could be extended to imperfect interfaces.
n fact, the out-of-plane shear modulus of linear elastic compos-
tes reinforced by cylindrical, uniaxially aligned fibers and possess-
ng a periodic structure at each hierarchical level of organization
as been computed in the submitted work ( Ramírez-Torres et al.,
017 ) (which is based on the theoretical framework proposed here)
or the case of perfect contact. The latter results can be extended
o the case of imperfect contact on the interfaces by following
he methodology in Guinovart-Díaz et al. (2013) for each structural
evel. 
In our formulation, higher order terms could be considered in
he homogenization procedure in order to elucidate new aspects of
he proposed method compared with the reiterated asymptotic ho-
ogenization approach. Another future research relies on the ex-
ension of the method to a nonlinear framework. For example, in
ruchnicki (1998) the static microstructural effects of periodic hy-
erelastic composites at finite strain are studied via a two-scale
symptotic homogenization process. In this sense, the power se-
ies expansion proposed in this work could be applied in a sim-
lar fashion as done in Pruchnicki (1998) taken into account the
orresponding assumptions. Moreover, based on a classical asymp-
otic homogenization analysis, analytical formulae are proposed in
ravo-Castillero et al. (20 06, 20 09, 2012) , which can be useful for
nvestigating macroscopic behavior of human cortical bones. The
ormulae in these works are self-contained; their computational
mplementations are very simple and are in a good agreement
ith experimental data reported in Katz et al. (1984) , Yoon and
atz (1976) . These formulae could be used to examine properties
f the different scale levels resulting of a multiple scales homoge-
ization study as in Telega et al. (1999) . 
A key assumption underlying the whole method is periodicity
f the microstructure at both structural levels. This assumption
an be considered realistic for specific types of microstructures
nly. However, our framework could be extended to more com-
lex geometries by considering non-macroscopically uniform me-
ia (see, e.g., Holmes, 2012; Penta et al., 2014; 2015 ) that is, ac-
ounting for a parametric dependency of the cell geometry on the
acroscale. This would however lead to an increase in the com-
utational cost (as it would be necessary to solve the cell prob-
ems for each macroscale point, i.e. for each computational point
f the macroscale domain), and to apparent volume forces as a re-
ult of application of the generalized Reynold’s transport theorem.
 special attention is given in Berger et al. (20 05, 20 06) to the
efinition of appropriate boundary conditions for the unit cell to
nsure periodicity. Furthermore, it is worth remarking that solu-
ions obtained via periodic asymptotic homogenization are in gen-
ral acceptable in the domain interior, while they are less accu-
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 rate when approaching the domain’s boundary (due to lack of pe-
riodicity). The homogenization process described in this work is
fine for regions far enough away from the boundary so that its ef-
fect is not felt because near boundaries the material will not be-
have as an effective material with homogenized coefficients. To ac-
count properly the homogenization process on bounded domains,
the so-called boundary-layer technique could be used ( Bensoussan
et al., 1978; Panasenko, 2005 ) or by adapting the consideration
reported for homogenization of composite materials in Lefik and
Schrefler (1996) . 
The depicted approach represents a useful tool in the study of
biomechanical and engineering applications where several length
scales are present and represents a first step towards computation-
ally feasible multiscale modeling of complex hierarchical materials.
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